We investigate the cosmological behavior in a universe governed by time asymmetric extensions of general relativity, which is a novel modified gravity based on the addition of new, time-asymmetric, terms on the Hamiltonian framework, in a way that the algebra of constraints and local physics remain unchanged. Nevertheless, at cosmological scales these new terms can have significant effects that can alter the universe evolution, both at early and late times, and the freedom in the choice of the involved modification function makes the scenario able to produce a huge class of cosmological behaviors. For basic ansatzes of modification, we perform a detailed dynamical analysis, extracting the stable late time solutions. Amongst others, we find that the universe can result in darkenergy dominated, accelerating solutions, even in the absence of an explicit cosmological constant, in which the dark energy can be quintessence-like, phantom-like, or behave as an effective cosmological constant. Moreover, it can result to matter-domination, or to a Big Rip, or experience the sequence from matter to dark energy domination. Finally, these scenarios can easily satisfy the observational and phenomenological requirements. Hence, time asymmetric cosmology can be a good candidate for the description of the universe.
Introduction
The standard model of cosmology includes two accelerated phases of expansion, at early and late times respectively. Such a behavior cannot be obtained within the standard paradigm of physics, namely in the framework of general relativity and Standard Model of particles. Hence, additional degrees of freedom should be included in the picture. If these extra degrees of freedom are attributed to new, exotic ingredients of the universe content, then concerning late times one has the concept of dark energy (for reviews see [1, 2] ) and concerning early times the concept of inflaton field(s) (for reviews see [3, 4] ). On the other hand, if the extra degrees of freedom are of gravitational origin, then one obtains the paradigm of modified gravity (see [5, 6] and references therein). The latter approach has the additional motivation of improving the UltraViolet behavior of gravity and alleviating the difficulties towards its quantization [7] . Note that there are not strict boundaries between the above approaches, since one can partially or completely transform from one to the other, or construct theories where both extensions are imposed.
In the usual approach to gravitational modification one adds higher-order corrections to the Einstein-Hilbert action, like in F (R) gravity [8] [9] [10] [11] [12] , in Gauss-Bonnet and f (G) gravity [13, 14] , in Lovelock gravity [15, 16] , in Weyl gravity [17, 18] , in Hořava-Lifshitz gravity [19] [20] [21] , in Galileon modifications [22] [23] [24] [25] , in nonlinear massive gravity [26] [27] [28] [29] etc. A different class of gravitational modifications arise when one starts from the equivalent torsional formulation of gravity and add higher-order correction, like in f (T ) gravity [30] [31] [32] [33] , in f (T, T G ) gravity [34] [35] [36] , etc.
Recently, a new class of modified gravity was proposed [37] . In particular, working in the Hamiltonian framework the authors constructed a theory that breaks the time reversal invariance of general relativity. Although the algebra of constraints and local physics are unchanged, new terms appear at cosmological scales, that can alter the universe evolution, both at early and late times.
In the present work we are interesting in investigating in detail the cosmological implications of the above time asymmetric extensions of general relativity. In order to achieve this independently of the initial conditions and the specific universe evolution, we apply the dynamical systems method [38, 39] which allows us to extract the global behavior of the scenario, bypassing the complexity of the involved equations. Indeed, due to the freedom in choosing the relevant extra modification function, the capabilities of the scenario are found to be huge. The plan of the work is the following: In section 2 we present the time asymmetric extension of general relativity and we apply it in a cosmological framework. In section 3 we perform a detailed dynamical analysis, extracting the stable late time solutions and the corresponding observables, and in section 4 we discuss their physical implications. Lastly, section 5 is devoted to the conclusions.
Time asymmetric extensions of general relativity and cosmology
Let us briefly review the time asymmetric extension of general relativity [37] . In a first subsection we present the gravitational model itself, while in a second subsection we apply it in a cosmological framework.
Time asymmetric extension of general relativity
In this formulation one starts with the Hamiltonian form of general relativity with a cosmological constant [40] 
where
is the usual Hamiltonian constraint. In the above expressions g ab is the spatial metric, with π ab its canonical momenta and π = g ab π ab the corresponding trace, while N and N a are the usual lapse and shift functions. In this formalism, the Hamiltonian constraint (2.2), along with the diffeomorphism constraint
form a first class algebra, where the terms H Ψ and D Ψ a correspond to the matter content and D a is the covariant derivative. Obviously, the above expressions respect the time reversal symmetry t → −t (2.4a) g ab → g ab (2.4b)
In order to acquire well defined cosmological evolution equations one must use a gauge fixing, and it proves convenient to use the "constant mean curvature gauge condition" (CMC) [37] π − √ g < π >= 0, (2.5) where < · · · > denotes the spatial average of a density ρ defined through < ρ >= Σ ρ / Σ √ g , with V = Σ √ g the spatial volume. The CMC condition (2.5) is a gauge fixing of the Hamiltonian constraint (2.2), and thus they form a second class system. However, note that the CMC condition (2.5) and the diffeomorphism constraint (2.3) form a system of four first class constraints [41] [42] [43] , as it is the case for the Hamiltonian constraint along with the diffeomorphism constraint. One can show that, restricting to constraints that are local in g ab and π ab , there are no other pairs of systems of four first class constraints that one is the gauge fixing of the other, however one has the freedom to add a term linear in π to the Hamiltonian constraint [43] . This new term π/L, with L the length-scale where this term becomes significant, breaks the time reversal symmetry (2.4a)-(2.4c), and this feature gave to the obtained gravitational modification the name "time asymmetric extension of general relativity". One can extend the above extra, timeasymmetric, term of the Hamiltonian constraint, by assuming that the length-scale in which it becomes important is driven by a function of spatially averaged quantities, such as the spatial volume V . Hence, in summary, one can extend (2.2) to a modified Hamiltonian constraint of the form [37] 
where f (V ) is an arbitrary function of V . The above modification of the Hamiltonian constraint gives rise to a novel class of gravitational modifications. The new term leaves the constraint algebra and the local physical degrees of freedom unchanged [37] . The only complexity comes from the fact that it affects the propagation of chiral fermions, since the left-handed spacetime connection D a Ψ A does depend on π ab . In order to handle this issue, one introduces the Ashtekar geometry [44] , alongside the usual spacetime geometry characterized by the spacetime metric g µν . Thus, although the gravitational effects and the propagation of photons are governed by the conventional spacetime geometry, the propagation of chiral fermions is determined by the Ashtekar geometry which contains all the information of time irreversible behavior. Since in this work we are interested in the background cosmological evolution, in which the matter sector is effectively described by a perfect fluid, and where fermions are not explicitly present, we do not discuss the above issue in more details. Hence, the time asymmetric modified gravity that we focus in this work is characterized by the action
where H new is given by (2.6).
Cosmological application of time asymmetric gravity
Let us now apply the time asymmetric extension of general relativity in a cosmological framework. In particular, we focus on a Friedmann-Robertson-Walker (FRW) spacetime metric of the form
where a(t) is the scale factor, k = −1, 0, 1 for spatially open, flat or close geometry respectively, and with dΩ 2 the two-dimensional sphere line element. Inserting this metric in the total action S + S m , with S given by (2.7) and S m the matter action, and performing the variation in the ADM formalism, we easily obtain the Friedmann equations as [37] 10) where H =ȧ/a is the Hubble parameter, V (a) ∝ a 3 is the spatial volume, and G is the gravitational constant. Additionally, we have considered the matter action S m to correspond to a perfect fluid with energy density ρ m and pressure p m respectively. We stress here that in action (2.7) we do not include an explicit cosmological constant, since our goal is exactly to investigate whether the universe acceleration can arise solely from a general modification term f (V ) (which definitely in the specific case f (V ) = const. gives rise to an effective cosmological constant). Defining for convenience g(a) = a G f (V (a)), the above modified Friedmann equations become 12) and thus the modification is included in the arbitrary function g(a). Furthermore, we can rewrite the Friedmann equations (2.11),(2.12) in the usual form
if we define the energy density and pressure of the effective dark energy sector as
g(a) 2 a 2 (2.14)
i.e. attributing the dark energy sector to the new terms that time asymmetric gravity brings to the Friedmann equations. In this case, the dark energy equation-of-state parameter becomes:
In summary, the modified gravity at hand is determined by the arbitrary function f (V (a)). Hence, according to the choice of f (V (a)) one obtains distinct classes of cosmological models.
Late-time cosmology
In this section we are interested in investigating in detail the late-time cosmology of the time asymmetric extension of general relativity. Since the gravitational modification is determined by the function f (V ), we will choose two basic ansatzes, namely the power law and the exponential one. In particular, we will consider
, with p = 3m + 1, with g 1 a constant and p a parameter, and where a 0 is a constant which can be set to 1 for convenience.
• Model II: f (V ) = g 2 e λV , which implies that g(a) = g 2 a G e λa 3 /a 3 0 , with g 2 a constant, λ a parameter, and with a 0 a constant which can be set to 1.
In order to study the cosmological behavior in a general way, independently of the initial conditions and the specific universe evolution, we will apply the dynamical systems method, which allows to extract the global features of a cosmological scenario [45] [46] [47] [48] [49] [50] [51] [52] . In this procedure, one first transforms the involved cosmological equations into an autonomous system and then he extract its critical points. Hence, perturbing linearly around these critical points, and expressing the perturbations in terms of a perturbation matrix, allows to determine the type and stability of each critical point by examining the eigenvalues of this matrix.
Model
In the case where f (V ) = g 1 V m , i.e. when g(a) = g 1 G a p (with p = 3m + 1), with g 1 a constant and p a parameter, the Friedmann equations (2.11),(2.12) become
and thus the effective dark energy (2.14) and pressure (2.15) respectively become 4) and hence (2.16) leads to
Additionally, we can define the "total" equation-of-state parameter 6) and the deceleration parameter as
with w m ≡ p m /ρ m the matter equation of state. Finally, note that for g 1 = 0 we re-obtain standard general relativity.
Zero or negative curvature
In the case k = 0, −1 as auxiliary variables it proves convenient to use the various density parameters, namely 8) and thus the first Friedmann equation (3.1) gives rise to the constraint
Using the above auxiliary variables we can write the cosmological equations in the autonomous form
where we have used the constraint (3.9) in order to eliminate Ω m and thus reduce the system to dimension two. In these equations, as usual, the prime denotes differentiation with respect to τ = ln a. Hence, the above autonomous system is defined on the compact phase space
Finally, using the auxiliary variables (3.8) we can express the deceleration parameter (3.7) as The scenario at hand admits three physical critical points, corresponding to expanding universe (H > 0), which are displayed in Table 1 along with their existence conditions. In the same Table we include the eigenvalues of the involved perturbation matrix, and thus the corresponding stability conditions. Finally, for completeness, we also include the values of the deceleration parameter, calculated through (3.11) . Note that the solution associated to P 3 for p = 1 is the power-law form a(t) = [(1 − p) (c 1 + a 1 t)]
Positive curvature
In the case k = +1 we introduce the auxiliary variables Using the above auxiliary variables we can re-write the cosmological equations as
with primes denoting differentiation with respect to τ = ln a, and where we have used the constraint (3.13) in order to eliminateΩ m and therefore reduce the system to dimension two. The above autonomous system is defined on the compact phase space
Finally, using the auxiliary variables (3.12) we can express the deceleration parameter (3.7) as
The scenario at hand admits two physical critical points which are displayed in Table  2 along with their existence conditions. In the same Table 2 . The physical critical points of the system (3.14) of time asymmetric cosmology of Model I: f (V ) = g 1 V m , with positive curvature, and their existence and stability conditions. the corresponding perturbation matrix, and the resulting stability conditions. Finally, we also include the values of the deceleration parameter, calculated through (3.15) . Note that the system (3.14) allows for an easy analytical elaboration, leading tõ
with c 1 and a 1 integration constants.
In the case where f (V ) = g 2 e λV , i.e. when g(a) = g 2 a G e λa 3 , with g 2 a constant and λ a parameter, the Friedmann equations (2.11),(2.12) become
and thus
Additionally, the "total" equation-of-state parameter reads 20) while the deceleration parameter writes as
Finally, note that for g 2 = 0 we re-obtain standard general relativity.
Zero or negative curvature
In the case k = 0, −1, we introduce the density parameters compact auxiliary variables 22) and thus the first Friedmann equation (3.17) gives rise to the constraint
In order to be able to close the system we need one more auxiliary parameter. Since the corresponding choice proves to be different according to the sign of λ, we will examine the two cases separately.
• λ > 0
In this case we define the additional auxiliary variable
Since by construction 0 < T < 1 (since λ > 0), we can define
(modulo an additive constant), and thusτ → −∞ as a → 0 andτ → ∞ as a → ∞. Hence, using the auxiliary variables (3.22) and (3.24) we can re-write the cosmological equations in their autonomous form, namely
where we have used the constraint (3.23) in order to eliminate Ω m . Clearly, the above system is defined on the
part of the phase space, where we have included the two boundaries T = 0 and T = 1. Furthermore, note that the invariant subset boundary T = 1 corresponds to the asymptotic future, while the invariant subset boundary T = 0 is associated asymptotically to the (classical) initial state. Therefore, in this formalism all the fixed points are located at T = 0 and T = 1 [53] . Lastly, using the auxiliary variables (3.22), (3.24) we can express the deceleration parameter (3.21) as
Thus, for the critical points having T = 0, the expression (3.27) is well-defined and
, while for the critical points having
On the other hand, for the critical points having T = 1, Ω DE = 0, q is arbitrary.
Label 
nonhyperbolic, behaves as stable Table 3 . The physical critical points of the system (3.26) of time asymmetric cosmology of Model II: f (V ) = g 2 e λV , with zero or negative curvature and λ > 0, and their existence and stability conditions.
The scenario at hand admits five physical critical points, and one curve of critical points (namely Q 5 ), which are summarized in Table 3 along with their existence conditions. In the same Table we include the eigenvalues of the corresponding perturbation matrix, and the resulting stability conditions. Finally, we also include the values of the deceleration parameter, calculated through (3.27). We mention that for the three nonhyperbolic critical points, the linear analysis is not adequate to determine their stability, and therefore the stability conditions have been extracted applying the center manifold method [54] . The corresponding investigation is performed in Appendix A.1.
• λ < 0
In this case we define the additional auxiliary variablě
(3.28)
Since 0 <Ť < 1 (since λ < 0), we can define
(modulo an additive constant), and thusτ → −∞ as a → 0 andτ → ∞ as a → ∞. Hence, using the auxiliary variables (3.22) and (3.28) we can re-write the cosmological equations in autonomous form as Table 4 . The physical critical points of the system (3.30) of time asymmetric cosmology of Model II: f (V ) = g 2 e λV , with zero or negative curvature and λ < 0, and their existence and stability conditions.
where we have used the constraint (3.23) in order to eliminate Ω m . Clearly, the above system is defined on the (Ť ,
part of the phase space, where we have attached the two boundariesŤ = 0 andŤ = 1. Finally, note that in terms of the auxiliary variables (3.22),(3.28) the deceleration parameter (3.21) is given by
Thus, for the critical points havingŤ = 0, the expression (3.31) is well-defined and
, while for the critical points havinǧ T = 1, Ω DE > 0 it follows that q → +∞ asŤ → 1 − since Ω m , Ω DE and Ω k are bounded. On the other hand, for the critical points havingŤ = 1, Ω DE = 0, q is arbitrary.
The scenario at hand admits five physical critical points, and one curve of critical points (namely Q 11 ), which are summarized in Table 4 along with their existence conditions. In the same Table we present the eigenvalues of the involved perturbation matrix and the corresponding stability conditions. Finally, we also include the values of the deceleration parameter, calculated through (3.31). Concerning the three nonhyperbolic critical points the stability conditions have been extracted applying the center manifold method [54] . The corresponding investigation is performed in Appendix A.2.
Positive curvature
In the case k = +1, we introduce the density parameters compact auxiliary variables In order to be able to close the system we need one extra auxiliary parameter. Since the corresponding choice is different for different signs of λ, we will examine the two cases separately.
Since by construction 0 ≤Ω k ≤ 1 and 0 < T < 1 (since λ > 0), we can define
which impliesτ = 1 3 λa(t) 3 +ln[a(t)] (modulo an additive constant), and thusτ → −∞ as a → 0 andτ → ∞ as a → ∞. Hence, using the auxiliary variables (3.32) and (3.34) we can express the cosmological equations as
where we have used the constraint (3.33) in order to eliminateΩ m . The above system is defined on the (T,
of the phase space, where we have included the two boundaries T = 0 and T = 1. Similarly to the previous subsection, the invariant subset boundary T = 1 corresponds to the asymptotic future, while the invariant subset boundary T = 0 is associated asymptotically to the (classical) initial state. Hence, in this formalism all the fixed points are located at T = 0 and T = 1 [53] . Finally, using the auxiliary variables (3.32) and (3.34) we can express the deceleration parameter (3.21) as
Thus, for the critical points having T = 0, the expression (3.37) is well-defined and gives Table 5 . The physical critical points of the system (3.36) of time asymmetric cosmology of Model II: f (V ) = g 2 e λV , with positive curvature and λ > 0, and their existence and stability conditions.
On the other hand, for the critical points having T = 1,Ω DE = 0, q is arbitrary.
The scenario at hand admits four physical critical points, and one curve of critical points (namely Q 16 ), which are summarized in Table 5 along with their existence conditions. In the same Table we include the eigenvalues of the involved perturbation matrix, and the corresponding stability conditions. Moreover, we also include the values of the deceleration parameter, calculated through (3.37). We mention that in order to determine the stability of the three nonhyperbolic critical points we apply the center manifold method [54] , and the corresponding analysis is performed in Appendix A.3.
which impliesτ = − 1 3 λa(t) 3 +ln[a(t)] (modulo an additive constant). Therefore, using the auxiliary variables (3.32) and (3.38) we can re-write the cosmological equations in autonomous form as Table 6 . The physical critical points of the system (3.40) of time asymmetric cosmology of Model II: f (V ) = g 2 e λV , with positive curvature and λ < 0, and their existence and stability conditions.
phase space, where we have attached the invariant boundariesŤ = 0 andŤ = 1. Lastly, note that in terms of the auxiliary variables (3.32),(3.38) the deceleration parameter (3.21) is given as
Hence, for the critical points havingŤ = 0, the expression (3.41) is well-defined and leads to q |Ť =0 = The scenario at hand admits four physical critical points, and one curve of critical points (namely Q 21 ), which are displayed in Table 6 along with their existence conditions. In the same Table we present the eigenvalues of the corresponding perturbation matrix, and the resulting stability conditions. Finally, we also include the values of the deceleration parameter, calculated through (3.41). We mention that in order to determine the stability of the three nonhyperbolic critical points we apply the center manifold method [54] , and the corresponding analysis is performed in Appendix A.4.
Physical Implications
Having performed a complete dynamical analysis of cosmological scenarios governed by time asymmetric extensions of general relativity , we can now proceed to the discussion of the physical implications. In particular, we focus on the stable late-time solutions, since these solutions can attract the universe at late times, independently of the specific initial conditions and the specific intermediate evolution.
Model
In the case where f (V ) = g 1 V m , i.e. when g(a) = g 1 G a p (with p = 3m+1), with g 1 a constant and p a parameter, and with open or zero curvature, the scenario at hand exhibits the three critical points presented in Table 1 . Point P 1 corresponds to a dark-matter dominated universe (Ω m = 1), that is non-accelerating (q > 0), however it is never stable and thus it cannot attract the universe at late times. Point P 2 corresponds to a universe governed by the curvature term (Ω k = 1), which is neither accelerating nor decelerating (this is typical for curvature dominated solutions [55] ). For p < 0 it can be stable, and thus it can attract the universe at late times (this is actually expected since for p < 0 the effective darkenergy term decreases faster than the curvature term, and hence the latter dominates). However, its observational features are disfavored by observations. Point P 3 is stable for p > 0 and thus it can be the stable late-time state of the universe. It corresponds to a dark-energy dominated, accelerating universe, where the dark-energy equation-of-state parameter (3. [56] . We mention that the above behavior is obtained without the addition of an explicit cosmological constant term in the action, i.e. it is a pure effect of the novel, time-asymmetric theory. Finally, note that even when the effective dark energy lies in the phantom regime, the universe does not end in a Big Rip [57] [58] [59] [60] , or any other type of singularity [61] , at finite time. In order to present the above behavior in a more transparent way, we evolve numerically the cosmological equations and in Fig. 1 we depict the corresponding phase-space behavior. The unphysical part of the phase space (in which the density parameters exceed one) is marked by the shadowed region. As we can see, in this specific example the universe results in the dark-energy dominated, accelerating solution P 3 .
In the case of positive curvature, the model has two critical points, displayed in Table  2 . Amongst them, only point P 5 is stable (for p > 0), and thus it can attract the universe at late times. It corresponds to an accelerating, dark-energy dominated universe (Ω DE = Ω DE = 1 since for this point D → H in (3.12)), in which the dark-energy equation-of-state parameter can lie either in the quintessence or in the phantom regime, or behave like an effective cosmological constant. Hence, it can be a good candidate for the description of the universe.
In order to present the above behavior in a more transparent way, we evolve numerically the cosmological equations and in Fig. 2 we depict the corresponding phase-space behavior. As we can see, in this specific example the universe results in the dark-energy dominated, accelerating solution P 5 . 
Model II: f (V ) = g 2 e λV
In the case where f (V ) = g 2 e λV , i.e. when g(a) = g 2 a G e λa 3 , with g 2 a constant and λ a parameter, with open or zero curvature, and λ > 0, the scenario at hand exhibits five isolated critical points and one curve of critical points presented in Table 3 . Amongst them, only point Q 6 behaves like a stable one (although nonhyperbolic) and thus it can be the latetime state of the universe. It corresponds to a dark-energy dominated universe, in which the dark-energy equation-of-state parameter lies in the phantom regime. Note however that as the universe approaches this point, the deceleration parameter q decreases monotonically, resulting to a divergence at the critical point. In particular, as the scale factor increases and the dark energy term becomes dominant, we can obtain an approximate solution for the scale factor, namely the inverse of
with Ei(z), z < 0, the exponential integral function and c 1 an integration constant, and we can immediately see that the scale factor diverges at a finite time, which is the realization of a Big Rip [61] . This behavior was expected, since for λ > 0 the extra, time-asymmetric, term that constitutes the effective dark energy sector increases monotonically. Hence, for these parameter choices, the scenario at hand does not correspond to the usual classes of cosmological models, and thus it should not be considered as a successful one. In Fig. 3 we depict the phase-space behavior of such a scenario, arising from numerical elaboration. As we observe, in this example the universe results in the dark-energy dominated, accelerating solution Q 6 . Figure 3 . The phase-space behavior of time asymmetric cosmology of Model II: f (V ) = g 2 e λV , with negative curvature, w m = 0 and λ > 0 (the specific value of λ is not relevant, only its sign, since it has been absorbed into the auxiliary variable T according to (3.24) ). In this specific example the universe is led to the the dark-energy dominated, accelerating solution Q 6 .
In the case of zero or open curvature and λ < 0, the model exhibits five isolated critical points and one curve of critical points, displayed in Table 4 . Amongst them, point Q 10 behaves as stable for the flat models, and thus it can attract the universe at late times. However, it corresponds to a dark-matter dominated universe, and thus it is not favored by observations. This was expected, since for λ < 0 the effective dark-energy terms are redshifted away in a much faster way (due to the exponential) than the matter contribution, leaving the universe matter dominated. Nevertheless, one could improve this behavior by the addition of an explicit cosmological constant, in which case he could get the correct thermal history, namely the succession of matter and dark-energy eras. However, since in this work we are interested in investigating the effects of the pure time-asymmetric cosmology, without the explicit presence of a cosmological constant, we do not examine such a possibility further. Additionally, as we describe in detail in Appendix A.2, the nonhyperbolic curve of critical points Q 11 can also attract some orbits in the phase space, and thus it can behave as stable. For 0 < Ω k < 1, it corresponds to a universe with Ω DE = 0, however not completely matter-dominated, since the curvature contribution remains non-zero. Another interesting point located on the curve Q 11 is the one corresponding to complete curvature domination, namely with Ω k = 1. This point attracts an open set of orbits from the interior of the phase space, and it is indeed a late-time state of the universe. Similarly to Q 10 , the above features are not favored by observations to be the late-time state of the universe, however this curves of points could be a good candidate for the description of its intermediate phases, especially under the addition of an explicit cosmological constant. In Fig. 4 , after a numerical elaboration, we show the phase-space behavior of this model. As we see, in this example if the universe starts with Ω k = 0 it results in the dark-matter dominated solution Q 10 . On the other hand, if Ω k > 0 initially then the universe results in the curvature-dominated solution located on the curve Q 11 . Figure 4 . The phase-space behavior of time asymmetric cosmology of Model II: f (V ) = g 2 e λV , with negative curvature, w m = 0 and λ < 0 (the specific value of λ is not relevant, only its sign, since it has been absorbed into the auxiliary variableŤ according to (3.28) ). In this specific example the universe is led to the dark-matter dominated solution Q 10 (if Ω k = 0 at the initial state) and to the curvature-dominated solution located on Q 11 (if Ω k > 0 at the initial state).
In the case of positive curvature, and λ > 0 the scenario at hand exhibits four isolated critical points and one curve of critical points, presented in Table 5 . Amongst them, only point Q 17 behaves like a stable one (although nonhyperbolic) and thus it can attract the universe at late times. It corresponds to a dark-energy dominated universe (Ω DE = Ω DE = 1 since for this point D → H in (3.32)), in which the dark-energy equation-of-state parameter is phantom-like. Note however that as the universe approaches this point, the deceleration parameter q decreases monotonically, resulting to a divergence at the critical point. Using similar arguments as for point Q 6 for the open or zero curvature case, it can be shown that it is of a finite-time type, namely a Big Rip [61] . Similarly to the open or zero curvature case, this behavior was expected, since for λ > 0 the extra, time-asymmetric, term that constitutes the effective dark energy sector increases monotonically. Thus, for these parameter choices, the scenario at hand does not correspond to the usual classes of cosmological models, and thus it should not be considered as a successful one. In Fig. 5 we depict the phase-space behavior of this scenario, after numerically evolving the autonomous equations. As we see, in this example the universe results in the dark-energy dominated, accelerating solution Q 17 . Figure 5 . The phase-space behavior of time asymmetric cosmology of Model II: f (V ) = g 2 e λV , with positive curvature, w m = 0 and λ > 0 (the specific value of λ is not relevant, only its sign, since it has been absorbed into the auxiliary variableŤ according to (3.24) ). In this specific example the universe is led to the dark-energy dominated, accelerating solution Q 17 .
In the case of positive curvature and λ < 0, the model exhibits four isolated critical points and one curve of critical points, displayed in Table 6 . Amongst them, point Q 20 behaves as stable, and thus it can be the late-time state of the universe. However, it corresponds to a dark-matter dominated universe, and therefore it is not favored by observations. Similarly to the open or flat case, this was expected since for λ < 0 the effective dark-energy terms are redshifted away in a much faster way than the matter contribution. Furthermore, as we describe in detail in Appendix A.4, the nonhyperbolic curve of critical points Q 21 can also attract some orbits in the phase space, and thus it can behave as stable. It corresponds to a universe with Ω DE = 0, nevertheless not completely matter-dominated, since the curvature contribution remains non-zero. Similarly to the case of Q 20 these features are not favored by observations to be the late-time state of the universe, however this curve of critical points could still be a good candidate for the description of its intermediate phases, especially under the addition of an explicit cosmological constant. In Fig. 6 , after a numerical elaboration, we present the phase-space behavior of this model. As we observe, in this example, if Ω k = 0 at the initial state, the universe results in the dark-matter dominated solution Q 20 . On the other hand, if Ω k > 0 at the initial state, the universe becomes curvature-dominated (Ω k = 1), howeverŤ and hence the scale factor reaches asymptotically a maximum finite value a max (which satisfies −Ť max 1−Ťmax ln a max − 1 3 λa 3 max − τ 0 = 0) which depends on the specific initial conditions. This behavior is expected for a positive curvature-dominated universe. Figure 6 . The phase-space behavior of time asymmetric cosmology of Model II: f (V ) = g 2 e λV , with positive curvature, w m = 0 and λ < 0 (the specific value of λ is not relevant, only its sign, since it has been absorbed into the auxiliary variableŤ according to (3.28) ). In this specific example the universe is led to the dark-matter dominated solution Q 20 (if Ω k = 0 at the initial state) and to the curvature-dominated solution located on Q 21 (if Ω k > 0 at the initial state). Note that in the latter case the scale factor reaches asymptotically a maximum finite value, as expected for a positive curvature-dominated universe.
Conclusions
In this work we studied the cosmological behavior in a universe governed by time asymmetric extensions of general relativity. This novel modified gravity is based on the addition on the Hamiltonian framework of new, time-asymmetric, terms, in a way that the algebra of constraints and local physics remain unchanged [37] . However, at cosmological scales these new terms can have significant effects that can alter the universe evolution, both at early and late times. In particular, assuming that the new terms in the Hamiltonian are proportional to an arbitrary function of the spatial volume, we finally obtain modifications of the Friedmann equations depending on an arbitrary function of the scale factor. Definitely, the capabilities of such cosmological constructions are huge.
We considered two basic ansatzes for the aforementioned modification, namely a power law and an exponential one. We mention that we did not consider an explicit cosmological constant, since we desired to investigate the pure effects of the new terms. In order to bypass the complexity of the equations, we applied the dynamical systems method, which allows to reveal the global behavior of time asymmetric cosmology, independently of the details of the evolution and the specific initial conditions. In particular, we extracted the critical points of the scenario and we examined which of them are stable and thus they can be the late-time state of the universe, calculating also the corresponding observables, such as the various density parameters and the deceleration parameter.
For the power-law ansatz we found that the universe can result in a dark-energy dominated, accelerating universe, where the dark-energy equation-of-state parameter w DE can lie either in the quintessence or in the phantom regime, or even behave as an effective cosmological constant giving rise to a de Sitter universe. Moreover, by suitably choosing the model parameter, one can obtain a w DE in agreement with observations.
For the exponential ansatz we showed that for positive exponential coefficient at late times the universe is attracted by a dark-energy dominated universe, in which w DE lies in the phantom regime, resulting finally to a finite-time Big-Rip singularity (due to the exponential increase of the novel terms). On the other hand, for negative exponential coefficient the universe results to a dark-matter dominated universe (due to the exponential decrease of the novel terms comparing to the matter sector), which is not favored by observations. Nevertheless, one could improve this behavior by the addition of an explicit cosmological constant, in which case he could get the correct thermal history, namely the succession of matter and dark-energy eras.
Concerning phenomenology, we should mention that in the scenario at hand the left handed neutrinos propagate differently than the photons [37] , since the latter propagate according to the usual connection of the spacetime metric, while the former propagate according to the Ashtekar connection and geometry. Hence, if one desires to be in agreement with observations, for instance with the data from SN1987A supernova which show that massless neutrinos propagate similarly to photons with an error less than 10 −9 [62] [63] [64] , then he should impose the new time-asymmetric modifications to be small, as expected. Interestingly enough, even if one considers the extreme realization of the above requirement, namely to assume that the new terms tend asymptotically to zero as the universe expands, one can still have significant effects at large scales, that can radically alter the universe behavior (for instance in the power-law modification with f (V ) = g 1 V m and p = 3m + 1, for the parameter window 0 > m > −1/3 one has an asymptotically vanishing modification term which is nevertheless able to drive late-time acceleration (since p > 0)). Hence, one can easily pass all the cosmological tests, and definitely all the Solar System ones. An interesting study would be to examine the bounce realization, since in such a case one would expect the time asymmetry to lead to distinguishable signatures on observations, especially having in mind the different behavior of the spacetime and Ashtekar related quantities. Additionally, an important and necessary investigation would be to examine the cosmological perturbations and their relation to various observables, either at early, inflationary times, or at late epochs. Since both these studies lie beyond the scope of the present work they are left for future projects.
In summary, the cosmological application of time asymmetric extensions of general relativity has many capabilities and thus it can be a good candidate for the description of the universe, that is worthy to be studied further.
A Stability of the nonhyperbolic critical points of Model II:
In this appendix we investigate the stability of the nonhyperbolic critical points that appear in the analysis of Model II in subsection 3.2, using the center manifold method [54] , since in this case the simple linear analysis is not adequate.
A.1 Zero or negative curvature and λ > 0
In the case of zero or negative curvature and λ > 0, we extract two isolated nonhyperbolic critical points, and a curve of nonhyperbolic critical points, displayed in Table 3 . Since point Q 4 and the curve Q 5 have at least one unstable eigen-direction they will definitely be non-stable, and hence we do not need to perform the center manifold analysis, since in this work we are interested in the stable late-time solutions. Thus, we restrict our analysis in the case of Q 6 . We introduce the new variables
in order to translate Q 6 to the origin, and thus we obtain the system
where the local center manifold of the origin (ǫ, x, y) = (0, 0, 0) is tangent to the ǫ-axis. Hence, it can be written locally as the graph
3) where δ is a suitably small number. The functions h 1 and h 2 must satisfy the quasilinear system of differential equations
This system admits the following solutions:
1. the point:
2. the 1-parameter solution:
. the 2-parameter solution:
e c 2 ǫ 2/3 (1−ǫ)
These three classes of solutions satisfy the smoothness conditions required in order to obtain the center manifold of the origin (note that the expression for the center manifold is not unique). Thus, we conclude that the evolution on the center manifold is given by the equation
which admits the solution 12) and therefore by inverting the above expression we find ǫ(τ ). It is easy to see that ǫ → 0 asτ → ∞ and that ǫ → 1 asτ → −∞. Hence, we deduce that the center manifold of Q 6 is stable [54] .
A.2 Zero or negative curvature and λ < 0
In the case of zero or negative curvature and λ < 0, we extract two isolated nonhyperbolic critical points, and a curve of nonhyperbolic critical points, which are presented in Table 4 . Since point Q 12 has at least two unstable eigen-directions it will definitely be non-stable, and hence we do not investigate it further. In order to examine the stability of Q 10 using the center manifold theorem we introduce the variables
with evolution equations given by
The center subspace of the origin of (A.14) is spanned by the vectors (1, 0, 0) and (0, 1, 0), which implies that the local center manifold of the origin can be written locally as the graph {(ǫ, u, v) : v = h(ǫ, u), h(0, 0) = 0, Dh(0, 0) = 0, ||(ǫ, u)|| < δ}, where Dh is the matrix of derivatives, δ is a suitably small constant, and h(ǫ, u) satisfies the quasilinear partial differential equation
Assuming that h(ǫ, u) = uf (ǫ) and lim ǫ→0 f (ǫ) = lim ǫ→0 f ′ (ǫ) = 0, and substituting in (A.15), we obtain
which has the general solution 17) and the trivial solution f (u) = 0. However, the general solution leads to lim ǫ→0 f (ǫ) = sgn(c 1 )∞, lim ǫ→0 f (ǫ) = −sgn(c 1 )∞, and hence it does not satisfy the imposed limits. Thus, the only accepted solution is the trivial one, which implies h(ǫ, u) ≡ 0. Hence, for this case the dynamics on the center manifold is governed by
Eliminating time and integrating out we finally acquire 19) which satisfies u → 0 as ǫ → 0. This feature implies that Q 10 attracts the orbits contained in its center manifold (that is the 2D set T -Ω DE ), and thus this nonhyperbolic point behaves as stable. In order to examine the stability of the curve of critical points Q 11 , using the center manifold theorem, we introduce the variables 20) which satisfy the evolution equations
Since the center subspace of the origin of (A.21) is spanned by the vectors (1, 0, 0) and (0, 1, 0), we deduce that the local center manifold of the origin can be written locally as the graph {(ǫ, u, v) : v = h(ǫ, u), h(0, 0) = 0, Dh(0, 0) = 0, ||(ǫ, u)|| < δ}, with δ a suitably small constant, and where the function h(ǫ, u) that defines the center manifold must satisfies the quasilinear partial differential equation
For Ω kc / ∈ {0, 1}, w m = −1/3 the above equation should be integrated numerically. Given a solution h(ǫ, u) satisfying the conditions h(0, 0) = 0, Dh(0, 0) = 0, we deduce that the dynamics on the center manifold is determined by
Equation (A.22) admits the trivial solution h ≡ 0, that leads to
e c 1 (1 − ǫ)
which for w m > 0 satisfies u(ǫ) → Ω kc − 1 as ǫ → 0. This is non-zero unless Ω kc = 1. This implies that a point on Q 11 with Ω k = Ω kc is a saddle one if the initial conditions correspond to Ω DE = 0, unless Ω kc = 1. The complete numerical investigation lies beyond the goal of the present work. However, in Fig. 4 one can see the numerical evolution for w m = 0, which implies that Q 11 with Ω kc ∈ (0, 1) attracts some orbits on the invariant seť T = 1.
Nevertheless, there is a special point of the curve Q 11 , namely (Ω k , Ω DE ,Ť ) = (1, 0, 1), that allows for an analytical application of the center manifold analysis. It corresponds to Ω kc = 1 in (A.21). Setting Ω kc = 1 in (A.22) we obtain the simpler quasilinear partial differential equation
Given the solution v = h(ǫ, u), the dynamics on the center manifold is determined by
Assuming that h(ǫ, u) = uf (ǫ) and lim ǫ→0 f (ǫ) = lim ǫ→0 f ′ (ǫ) = 0, and substituting into (A.25), we obtain .27) which has the general solution
which indeed satisfies the imposed limits. Hence, the dynamics on the center manifold is governed by the evolution equations
Eliminating the time variable we find that the system (A.29) can be expressed as
with µ(ǫ) = 2c 1 e −2/ǫ (4ǫ − 3)(1 − ǫ) wm+1 ǫ −wm−2 − 3w m − 1, which admits the quadrature
Since µ(ǫ) → −3w m − 1 as ǫ → 0, we can integrate the above quadrature in the approximation ǫ → 0, obtaining . Hence, we deduce that the center manifold associated to the point (1, 0, 1) is stable. Indeed, this behavior is the typical one for w m > − In the case of positive curvature and λ > 0, we extract two isolated nonhyperbolic critical points, and a curve of nonhyperbolic critical points, which are presented in Table 5 . Since point Q 15 and the curve of critical points Q 16 have at least one unstable eigen-direction they will definitely be non-stable, and thus we do not investigate them further.
In order to examine the stability of Q 17 using the center manifold theorem we introduce the variables 33) and therefore the autonomous system (3.36) is equivalent to the system
The local center manifold of the origin (ǫ, x, y) = (0, 0, 0) is tangent to the ǫ-axis. Thus, it can be written locally as the graph {(ǫ, x, y) :
0) = 0, |ǫ| < δ}, with δ a suitably small number. The functions h 1 and h 2 must satisfy the quasilinear system of differential equations
which admits the general solution
where c 1 and c 2 are integration constants. Moreover, the system (A.35) admits the 1-parameter solution
as well as the trivial solution h 1 (ǫ) = 0, h 2 (ǫ) = 0. The expression for the center manifold of the origin is not necessarily unique. In summary, we deduce that the evolution on the center manifold is given by the equation Since ǫ → 0 asτ → ∞ and ǫ → 1 asτ → −∞, the center manifold of Q 17 is stable, and it corresponds to the late-time attractor.
A.4 Positive curvature and λ < 0
In the case of positive curvature and λ < 0, we extract two isolated nonhyperbolic critical points, and a curve of nonhyperbolic critical points, which are presented in Table 6 . Since point Q 22 has at least two unstable eigen-directions it will definitely be non-stable, and hence we do not investigate it further. In order to calculate the center manifold of Q 20 = (0, 0, 1) for the system (3.40) we introduce the variables with c 1 a negative constant (in order to have u ≡ Ω k ≥ 0). Since u(ǫ) → 0 as ǫ → 0, and additionally the function is smooth as ǫ → 0, we deduce that all the solutions starting at the center manifold are attracted by the origin. Hence, Q 20 is stable. In order to examine the stability of the curve of critical points Q 21 , using the center manifold theorem, we introduce the variables it does not satisfy u(ǫ) → 0 as ǫ → 0. In summary, both the approximated and the exact solution for u(ǫ) satisfy |u(ǫ)| → ∞. This implies that Q 21 for Ω kc ∈ (0, 1] is saddle. Nevertheless, it can be numerically verified that it can still attract some orbits on the invariant setΩ k = 0,Ť = 1, as can be seen for instance in Fig. 6 .
